Appendix

We let Y, and M, denote respectively the values of the outcome and mediator that would
have been observed had the exposure A been set to level a. We let Y,,, denote the value
of the outcome that would have been observed had the exposure, A, and mediator, M, been
set to levels a and m, respectively.

The average controlled direct effect comparing exposure level a to a* and fixing the
mediator to level m is defined by CDE, .+(m) = E[Yam — Yam]. The average natural direct
effect is then defined by NDE, ,«(a*) = E[Yan,. — Yaru,.]. The average natural indirect
effect can be defined as NIE, .+(a) = E[Yom, — Yan,.|, which compares the effect of the
mediator at levels M, and M, on the outcome when exposure A is set to a. Controlled

direct effects and natural direct and indirect effects within strata of C' = c are then defined by:

CDEa,a*\c(m) - ED/am - }/;J,*m’C]v NDEa,a*|c(a*) - E[}/;I,Ma* - }/a*Ma*

) and NIE, 4+c(a) =
ElYum, — Yo,

c| respectively.

For a dichotomous outcome the total effect on the odds ratio scale conditional on C' = ¢
. . TE _  Pa=1lc)/{1—P(Ya=1|c)}
is given by OR, .\, = P(Yor=1|c) [{1=P(Yyr=1]c)} "

P(Yam=1|c)/{1—P(Yam=1|c)}
P(Ya*m:1IC)/{l_P(Ya*m:HC)} ’

. el _ . . NDE *\ P(Yal\/fa* :1‘0)/{1_P(Yaﬂfa* :1|C)}
odds ratio scale conditional on C' = c is given by ORavaﬂc(a )= PV ar . ST PVarag =T}

The controlled direct effect on the odds ratio

The natural direct effect on the

scale is given by ORCCL:aD*Ifc(m) =

The natural indirect effect on the odds ratio scale conditional on C' = cis given by ORNE (a) =

a,a*|c

P(Yany=1le)/{1-P(Yarr,=1[0)}
P(Yan, =11e)/{1=P(Yans, . =1lc)}

As discussed in the text, identification assumptions (i)-(iv) will suffice to identify these
direct and indirect effects. If we let X 1 Y|Z denote that X is independent of Y condi-
tional on Z then these four identification assumptions can be expressed formally in terms
of counterfactual independence as (i) Y, L A|C, (ii) Yom L M|{A,C}, (iii) M, L A|C,
and (iv) Yo, L M-

C. Assumptions (i) and (ii) suffice to identify controlled direct ef-
fects; assumptions (i)-(iv) suffice to identify natural direct and indirect effects (Pearl, 2001;
VanderWeele and Vansteelandt, 2009). The intuitive interpretation of these assuptions as

described in the text follows from the theory of causal diagrams (Pearl, 2001). Alternative



identification assumptions have also been proposed (Imai 2010a; Hafeman and VanderWeele,
2011). However, it has been shown that the intuitive graphical interpretation of these al-
ternative assumptions are in fact equivalent (Shpitser and VanderWeele, 2011). Technical
examples can be constructed where one set of identifiation assumptions holds and another
does not, but on a causal diagram corresponding to a set of non-parametric structural equa-
tions, whenever one set of the assumptions among those in VanderWeele and Vansteelandt

(2009), Imai (2010a), and Hafeman and VanderWeele (2011) holds, the others will also.

1 Continuous Mediator and Outcome

Effects using regression
Suppose that both the mediator and the outcome are continuous and that the following

models fit the observed data:

E(M|A=a,C =¢) = By + Bra+ By (1)

E(Y|A=a,M =m,C = c) = 0y + 01a + 0ym + 03a x m + O,c (2)

If the covariates C' satisfied the no-unmeasured confounding assumptions (i)-(iv) above,
then the average controlled direct effect and the average natural direct and indirect effects
were derived by VanderWeele and Vansteelandt, 2009.

In particular, if the regression models (1) and (2) are correctly specified and assumptions
of no unmeasured confounding of exposure-outcome relationship (i) and no unmeasured
confounding of the mediator-outcome relationship (¢7) hold, then we could compute the con-

trolled direct effect as follows:

CDE = E[Yon — Youn|C = d]



=EY|C=c,A=a,M =m]—E[Y|C =c¢,A=a*,M =m)
= (0 + O1a + Oym + Osam + 0,¢) — (0 + O1a* + Oym + Oza*m + 0,¢)
= (tha + O3am — O1a* — O3a*m)

= 61(a — a*) + O3m(a — a*).

If the regression models (1) and (2) are correctly specified and assumptions (i) and
(17) together with two additional assumptions of (iii) no unmeasured confounding of the
exposure-mediator relationship and (iv) that there is no mediator-outcome confounder that

is affected by the exposure hold, then we could compute the natural direct effects by:

NDE - EI:}/:ZMG* - Ya*Ma*

C =

— S {E[Y|C=c,A=a,M =m]— E[Y|C=c,A=a*,M =m]} x P(M =m|C =c, A=
a®)

= 52 {0 + 610+ Oym + Osam + 0,¢) — (By + 010" + ym + Osa*m + 0,¢)} x P(M = m|C =
¢, A=a*)

= > A(bha+ O0om + O3am) — (610" + Oym + Osa*m)} x P(M =m|C =c, A = a*)

= {(B1a + 0. E[M|A = a*,C = ¢| + 03aE[M|A = a*,C = d]) — (6ra* + o E[M|A = a*,C =
o + 0sa* E[M|A = a*,C = d])}

= {(01a+ 02(Bo + Bra* + Byc) + 03a(Bo + Bra* + Bye) — (Bra* + 09(Bo + Bra* + Byc) + Oza* (o +
fra* + By0))}

= {61a + O3a(By + Pra* + Byc) — (0ra* + O3a* (By + Sra* + Byc))}

= (01 + 03y + O3P1a* + 03535¢)(a — a*).

Moreover under the same assumptions we can compute the natural indirect effects by:

NIE = E[Yun, — Yo,

C =
=Y EY|[C=cA=a,M=m|xP(M=m|C=cA=a)—> EY|C=cA=a M=



m] x P(M =m|C = ¢, A =a*)

=" (00 + 01a + 0gm + Osam + O,c) x P(M = m|C = c,A=a) - (0+01a+ 0sm +
Osam + 0yc) x P(M =m|C = ¢, A = a*)

= (0o + 010+ 0,E[M|A = a,C = c|+03aE[M|A = a,C = c| +0,c) — (0 + 010+ 0, E[]M|A =
a*,C = c] + 03a* E[M|A = a*,C = c] + 0,c)

= (010 + 02(Bo + Bra+ Byc) + O3a(Bo + fra + B5¢)) — (6ra* + 05(Bo + fra* + Bac) + bsa* (Bo +
fra* + Byc))

= (02561 + 6351a)(a — a”).

If the regression models (1) and (2) are correctly specified and assumptions (i) and (i)

hold, then we could compute the total effect by:

TE = E[Y, — Y,

C =

C=cl+ E[Yom@) — Yor,M(a*)
= (614 0350 + O351a" + 0355¢ + 0231 + O3610) (a — a”).

= E[Y, M(ar) — Yar, M(a®) C =

Finally if the regression models (1) and (2) are correctly specified and assumptions (7)-

(iv) hold then we could compute the proportion mediated by:

ElYarta—Yorar, . |O=
EVa—Y,-[C=d

— 0281+03810a

= > .
014+03B0+0381a* +038,c+0251+03581a

PM =

Standard errors

Suppose that model (1) and (2) have been fit using standard linear regression software
and that the resulting estimates 3 of 3 = (Bo, B1, By) and 6 of 0 = (69,01, 02,05,0,) have

. . . . A A .
covariance matrices 35 and 4. Then the covariance matrix of (5',6) is



Standard errors of the controlled and natural direct and indirect effects can be obtained

(using the delta method) as

VIYXT|a — a|

with I' = (0,0,0°,0,1,0,m,0") for the controlled direct effect, I' = (6, 03a*,05c, 0,1, By +
[ra* + 5&0, O') for the pure natural direct effect (same expression holds for the total natural
direct effect upon substituting a and a*), I' = (0,60, + 63a,0,0,0, 81, B1a,0') for the total
natural indirect effect (the same expression holds for the pure natural indirect effect upon
substituting a and a*), I' = (03, 03(a + a*) + 03, 0s¢ , 0,1, B1, Bo + Bi(a+ a*) + Bye, 0') for the

total effect and for the proportion mediated I' = (dy, do, ds, dy, d5, dg, d7, dg) where

0251 + 0351a

di = —0 -
! ’ (01 4 0380 + 0381a* + 0555¢ + 0251 + O351a)?

(02 4 Osa)(— (0281 + 0351a) + (61 + 0380 + O351a* + 035;C + 6261 + 0551a)) — O3a*

dy = ;
? (01 + 0550 + O301a* + O385¢ + 0251 + 0351a)?

936/ (0251 + 0351a)

dy = — :
’ (01 + 0550 + 0381a* + O355¢ + 0551 + 0351a)?
d4 - 0
de — 0201 + 0351a
s = —

(61 + 0380 + 0351a0* + 93550 + 60201 + 0551a)?



Br(—=(02B1 + 0381a) + (01 + 0380 + O351a" + 03 B5¢ + 0281 + 63510))

dg = ;
0 (01 + 0380 + O3P1a* + 0355¢ + 0251 + 0551a)?

_ Bra(0y + 035 + 0310 + 03B5¢ + 0281 + O381a) — (Bo + Bi(a + a*) + Byc) (0251 + 03B1a)

d ;
! (01 + 0550 + O3510* + O355¢ + 0531 + 0351a)?

2 Continuous Mediator and Binary Outcome

Effects using regression
Suppose that the mediator is continuous and the outcome is binary and is rare. Suppose

that the following models fit the observed data:
E(M|A=a,C =c)= B+ fia+ Byc (3)

logit{ P(Y = 1|A=a, M =m,C = ¢)} = 0y + b1a + Oom + Oza % m + 0,¢ (4)

and that the error term in the regression model for M is normally distributed with mean 0
and variance 2. If the regression models (3) and (4) are correctly specified and assumptions
(7) and (i) hold then the conditional controlled direct effect on the odds ratio scale would

be given by (VanderWeele and Vansteelandt, 2010):

CDE _ PYam=1|c)/(1—P(Yam=1|c))
OR = P =110 (=P (e m=11e)
_ P(Y=1la,m,c)/(1—P(Y=1|a,m,c))

P(Y=1|a*,m,c)/(1-P(Y=1|a*m,c))




. ezp[90+91a+6‘2m+93am+0:lc]
- ezp[90+01a*+02m+93a*m+920]

= exp[(0y + O3m)(a — a*)].

If the regression models (3) and (4) are correctly specified and assumptions (7)-(iv) hold,
the outcome Y is rare, and the error term for linear regression model (1) is normally dis-

tributed and has constant variance o2, then we could compute the natural direct effects by:

NDE __ P(Yanm, . =1lc)/(1=P(Yonm, . =1[c))
ORTE = expllog pry =110 /=Py, =11 )

= expllogit{ P(Yonrr,. = 1|c)} — logit{ P(Yy+n1,. = 1|c)}]

~ expllo + b1a+ 0y + (02 + 050) (Bo + ra* + Bac) + (02 + 05a)%0? — {6y + 610" + ¢+ (62 +
B30)(Bo + Pra” + Bye) + 50 + O30") %0}

= exp[{0; + 03(Bo + Bra* + Byc + 020%)}(a — a*) + 0.50202(a® — a*?)].

If the regression models (3) and (4) are correctly specified and assumptions (7)-(iv) hold,
the outcome Y is rare, and the error term for linear regression model (3) is normally dis-

tributed and has constant variance o2, then we could compute the natural indirect effects by:

NIE _ P(Yarr, =11€)/(1=P(Yart, =1]0))
ORME = eapllog{ py =0 f- PVt =11 )

= expllogit{ P(Yon, = 1|c)} — logit{ P(Yon,. = 1|c)}]

~ explly + Ora + Oyc + (02 + 03a) (Bo + Bra + Bac) + 1 (65 + 05a)%0% — {0 + b1a + Oy + (62 +
03a)(Bo + Bra* + 5;0) + %(92 + 03a)%0°}]
= exp|(0251 + Os51a)(a — a*)].

If the regression models (3) and (4) are correctly specified and assumptions (4)-(iv) hold,
the outcome Y is rare, and the error term for linear regression model (3) is normally dis-

tributed and has constant variance o2, then we could compute the total effects by:



(Yan» =1]c)/(1=P(Yan . =1|c)) P(Yarr,=1l¢)/(1=P(Yanrr, =1l¢)) 1]
Y, (

E _ P
OR™ = expllog{p e ST P =1ie 1) % PO B0y 110 =PV = 1)

= E[Ya,Ma* - Ya*,Ma*

C= C] X E[Ya,Ma — Ya*,Ma*

C =

= exp[(&l + 9360 + 0351a* + 035&6 + 0251 + Qgﬁla + 93020’2)(0, — CL*) + O.59§0’2(a2 — CL*2)].

If the regression models (3) and (4) are correctly specified and assumptions (7)-(iv) hold

then we can compute the proportion mediated by:

P(Yy s =1lc)/(1=P(Yyps. =1|c))
log{ P(Ya?\/lajzl\c)/(lfP(YZMZ* :1\6))}

PM = log] PYapr i =11e)/(A=PYo g o =110)) }-+Hlog{ P(Yo 1, =1le)/(1=P(Ygpr, =1l¢)) }
P(Ya*Ma* :1‘0)/(1—P(YE*MG*:1‘C)) P(Yal\/fa* :1‘0)/(1—P(YaMa*:1‘c))

_ (0281 +03B81a)(a—a*)

- (91+9360+03,31a*+03,6’;c+92ﬁ1+03,B1a+039202)(a—a*)+0.59§02(a2—a*2) '

These expressions apply also if the outcome is not rare and log-linear rather than logistic
models are fit to the outcome model; the direct and indirect effect will have now an inter-
pretation on the risk ratio scale rather than on the odds ratio scale.

These expressions apply also if the outcome is a count variable. In particular if Y ~ Poi()\)

for A = exp{fy + 61a + Oam + O3a * m + 0,c}) the outcome regression can be defined as:

log{ E(Y|A=a,M =m,C =c)} =0y + 61a + Oym + O3a x m + 9;0

The natural direct effect for binary outcome on the risk ratio scale coincides with the

natural direct effect for poisson count outcome since:

E(YM « C)
NDE a

l a
RR = exp[ Og{—( L,

g1l

The same argument holds for the natural indirect effect. Finally, the argument can be

extended to the case in which the count outcome is modeled with a negative binomial dis-



tribution. This is the case since the negative binomial distribution can be represented as an

over-dispersed poisson and the mean of the two models coincide.

Standard errors

We now consider standard errors for the controlled direct effect and natural direct and
indirect effect odds ratios. Suppose that model (4) has been fit using standard logistic regres-
sion software and that model (3) has been fit using standard linear regression software. Sup-
pose furthermore that the resulting estimates 8 of 8 = (8o, 81, 35), 6 of 8 = (6, 61,05, 65,6,)
and 6% of o have covariance matrices Y5 and 2. Then the covariance matrix of (B/, é’, 5?)

is

Y5 0 0
X=10 % 0
0 0 X,

Standard errors of the controlled and natural direct and indirect effects can be obtained

(using the delta method) as

VIXT|a — a|

with I' = (0,0,0,0,1,0,m,0",0) for the log of controlled direct effect odds ratio, I' =
(03, 05a*, 03¢ ,0, 11,0302, By + Bra* + Byc + 0502 + O30%(a + a*),0', 0505 + 0.502(a + a*)) for
the log pure natural direct effect odds ratio (same expression holds for the total natural
direct effect upon substituting a and a*), T' = (0,6, + #5a,0',0,0, 31, f1a,0',0) for the log of
total natural indirect effect (the same expression holds for the pure natural indirect effect
upon substituting a and a*), T' = (63, 03(a + a*) + 0, 03¢, 0,1, 0302 + By, Bo + Pi(a + a*) +

Byc+ 0202 4 030%(a® — a*2),0",0.502(a> — a*?)) for the logarithm of the total effect. Standard



errors for the proportion mediated can be obtained (using the delta method) as

T

where I" = (dh d27 d37 d47 d5a dﬁa d7a d87 dg) .
Let
A= (021 + 0381a)(a — a*)

B = [{6; + 05(Bo + Bi(a + a*) + Byc + 620%) + By} (a — a*) + 0.5020%(a® — a*?)]

Os(a —a*)A

d = -

(62 + 93@)((1 - CL*)B — (93(& + CL*) + 82)(& - CL*)A

dy = T2
dy — _9;’0<CLB_2 a*)A
dy =0
i — _A(aB—2 a*)

Bila —a*)B — (620% + B1)(a — a*)A
B2

10



_ Brala —a”)B+ (fo+ fr(a+a) + Boc + 030%)(a — a*) — (00°)(a — a*)A

dy 2

[0362(a — a*) + 0.503(a* — a*?)]A
B2

dgz—

3 Binary Mediator and Continuous Outcome

Effects using regression
Suppose that the outcome is continuous, the mediator is binary and that the following models

fit the observed data:
logit{P(M = 1|A =a,C = ¢)} = By + Bra + Byc (5)

E(Y|A=a,M =m,C = c¢) =0y + 01a + 0ym + O3a x m + O,c (6)

In particular, if the regression models (5) and (6) are correctly specified and assumptions

(7) and (77) hold then we could compute the average controlled direct effect as in section 1

If the regression models (5) and (6) are correctly specified and assumptions (7)-(iv) hold

then we could compute the average natural direct effects by:

NDE = E[Yay.. — Yoorr,.

C = (|
=Y AEY|C=c,A=a,M=m]-EY|C=c,A=a*M =m|} x PIM =m|C =c, A=

a®)

11



= > {0+ bra+ bom + Osam + 0,¢) — (B + O1a* + Ooam + Osa*m + 0,¢)} x P(M = m|C =
¢, A=a")
=3 {(61a + Osm + O3am) — (61a* + Om + G3a*m)} x P(M =m|C = ¢, A = a*)

X “\ 1 explBo+Biat+Bc
(a0} + (0l - )} S

If the regression models (5) and (6) are correctly specified and assumptions (i)-(7v) hold

then we could compute the average natural indirect effects by:

NIE = E[Yan, — Yau,.

C =

=Y EY|C=cA=a,M=m|xPM=m|C=cA=a)-), EY|C=cA=aM=
m] x P(M =m|C =¢, A=a")

=Y (00 + 01a + 0gm + Osam + O,c) x P(M = m|C = ¢, A =a)—. (0o+01a+ Ogm +
Osam + 0yc) x P(M =m|C = ¢, A = a*)

= (0 + 03a){E[M|A =a,C =c]— E[M|A=a*C =]}
:(92 + 93(1){ czplfotBiatfyc) exp[Bo+Bia*+pB,c] }

1+exp[fo+Piatfyc]  1+exp[Bo+Bra*+Byc]

If the regression models (5) and (6) are correctly specified and assumptions ()-(iv) hold

then we could compute the total effect by:

TE = E[Y, — Y,.

C =
= E[YaMa* - Ya*Ma*

C= C] + E[YaMa — Ya*M,l* C= C]

_ o e\ _ezplBo+Bra*+Byd] caplBotBratfyc] explBotBiat+Byd]
_{Ql(a a )}+{03(a a )}1+exp[ﬁo+,81a*+,8;c]+<92+63a){1+exp[ﬁo+,81a+/3;c] 1+ezp[ﬁo+,81a*+ﬂ;c}}'

If the regression models (5) and (6) are correctly specified and assumptions (i)-(iv) hold

then we could compute the proportion mediated by:

ElYanta—Yaxm, . |C=C]
PM = E[Ya—Y,~|C=C]

12



/ /
exp[Bo+pBiatpfacl  explBg+Bia’+pyc] }
1+exp[/30+/31a+5é61 1+exp[50+51a*+ﬁ;t:]
caplBo+Bra+Bhcl  ewplBo+Bia*+8hc]

02+63a - +{61(a—a*)}+{03(a—a*
(6263 ){1+exp[/30+/31a+5;6] 1+exp[ﬁo+51a*+,8;d} {6 JH0s( )}

(B2+03a){

exp[Bp+Bia* +5;CJ )
1+exp[Bo+Bra* +B; q]

Standard errors

Suppose that model (6) have been fit using standard linear regression software and that
model (5) have been fit using standard logistic regression. The resulting estimates are ,@ of
B = (Bo, B1, By) and 0 of 0 = (6,01, 05,05,0,) have covariance matrices Y3 and $y. Then

IAYEEN
)

the covariance matrix of (5,6) is

Standard errors of the controlled and natural direct can be obtained (using the delta

method) as

VIXT|a — a|

with T' = (0,0,0',0,1,0,m,0") for the controlled direct effect, I' = (dy, ds, ds, dy, ds, dg, d7, dg)
for the pure natural direct effect (same expression holds for the total natural direct effect

upon substituting a and a*), where

_ bzexp[[By + Bragac] (1 + explfy + Bra” Bac]) — s {exp[Bo + ra* o]}
B (1 + exp[Bo + Bra*Bac])?

dy

e Osaexpl[Bo + Brafyd (1 + explBo + Bra*Byc]) — {explBo + Sra” By}
2 (1 + exp|By + Pra*Byc])?

. Osc expl[Bo + Prafyc) (1 + explBo + Pra*Byc]) — {exp[Bo + Bra*Byc]}
o (L+ exp(Bo + Pra*Byc] 2

dy =0

d5:1

13



d6:O

&= exp[Bo + Bra* Pyc]
T exp|Bo + Bra*Byc]

ngO

Standard errors of the natural indirect can be obtained (using the delta method) as
ryr

For the natural indirect effect (the same expression holds for the pure natural indirect

effect upon substituting a and a*) let

exp|fo + Bra + Bycl{L + exp[Bo + Bra + Byc]} — {exp[Bo + Bra + Fy]}?

A= {1+ exp[By + Bra + Byc] }2

B exp|fo + Bra* + Byc{1 + exp[Bo + Bra* + Byc]} — {exp[Bo + fra* + Byc]}?
{1+ exp[Bo + Bra* + Byc]}?

_ expBo + Bra + By
{1 + exp[By + Bra + Byc]}

exp|Bo + Pra* + /350]

D= {1 + exp[By + Bra* + Byc]}

and

I = (dl,dg,dg,d4,d5,d6,d7,dg), where

dy = {0, + 03a}[A — B]

d2 = {92 -+ 93&}[&14 — CL*B]

d3 = {92 + 6301}0/ [A — B]

14



Standard errors of the controlled and total effect and percentage mediated can be obtained

(using the delta method) as

rxr’
let
A — €xplBo + Bra+ Bycl{1 + explfo + fra + Bycl} — {ewplfo + Bra + fod]}?
{1+ exp[Bo + Bra+ Byl }?
5 _ €xplfo + Bra” + Byel {1 + exp[By + Bra” + Pycl} — {ewplfo + fra” + Bic]}’

{1+ exp[By + Bra* + Byc] }2

_explfo+ Prat Byd]
{1+ exp[By + Bra + Byc]}

_ exp|fy + fra* + 5;0]
{1+ exp[Bo + Bra* + Bycl}

for the total effect I' = (dy, ds, d3, dy, ds, dg, d7, dg), where

d1 = 93((1 — CL*)B —f- (02 —I— 930,)(/1 — B)

dy = a*03(a — a*)B + (03 + 03a)(aA — a"B)

15



d3 = 0/03(a - a*)B + (02 + 93&)(A — B)

dy =0
ds=a—a"
d¢ =K —D
d7 =(a—a")D + a[K — D]
dg =0

and for the proportion mediated I' = (dy, ds, ds, dy, d5, dg, d7, dg) where

d, = [(02+63a)(A=B)|{(62+03a)(K—D)+(a—a")[01+03 D]} —{[(62+030)(A—B)]+(a—a")63 B} (62+03a) (K —D]
L= {(02+83a)(K—D)+(a—a*)[01+03D]}>

do — [(02+03a)(aA—a* B)]{(02+03a)(K—D)+(a—a*)[01+03 D]} —{[(62+03a)(aA—a* B)|+a* (a—a* )03 B}(02+03a) [ K—D]
2= {(02+05a)(K—D)+(a—a*)[01+03D]}?

d [(02+03a)c (A—B)]{(02+05a) (K —D)+(a—a*)[01+05D]}—c {[(B2+03a)(A—B)]+(a—a*)03 B}(02+03a)[K — D]
3 {(02+030)(K—D)+(a—a*)[01+63 D]}

d4:O

g (a —a*)(0s 4 03a) [ K — D]
> {(02 + 630)(K — D) + (a — a*)[01 + 65D]}

de — a[K—D]{(02+03a)(K—D)+(a—a*)[01+603D]}—[K—D]{(02+03a)(K—D)+(a—a*)[1+63D]}
6~ {(02+083a) (K —D)+(a—a*)[01+83D]}>

d- — E=DH(02+b3a)(K—D)+(a—a”)[61+03D]}—{a[K —D]+(a—a” D) {(8>+03a) (K —D)+(a—a")[61+63D]}
[ {(02+83a)(K—D)+(a—a*)[01+03D]}>

dg =0

16



4 Binary Mediator and Binary Outcome

Effects using regression
Suppose that both the outcome and the mediator are binary and that the following models

fit the observed data:
logit{P(M = 1|A = a,C = ¢)} = By + Bra + Byc (7)

logit{ P(Y = 1|A=a, M =m,C = ¢)} = 0y + b1a + Om + Oza x m + 0c (8)

If the regression models (7) and (8) are correctly specified and assumptions (i) and (i)
hold then we can compute the controlled direct effect odds ratio as the case in which the
mediator is continuous and the outcome is binary.

If the regression models (7) and (8) are correctly specified and assumptions (7)-(7v) hold

and the outcome Y is rare, then we could compute the average natural direct effects by:

NDE __ aM «=1lc )/(1*P(YaMa*:1|c))
ORNPE = capliog{ o P<Y SN PV =1

= expllogit{ P(Yon,. = 1|c)} — logit{ P(Yesn1,. = 1]¢)}]

’ ’ ’ ! 7 ’
exp(0g+01a+0,c)+exp(0g+01a+6 c+02+603a+Bg+B1a™+Byc) Y—log{ exp(0g+01a*+0,c)+exp(0g+01a*+60,c+02+603a*+Bg+B1a™+By¢c)
1+ewpwo+51a*+fs;c] Itezp[Bo+B1a*+Byc]

{ exp| 00+01a+6 }+e:cp[00+91a+9 c+02+03a+60+ﬂ1a +62 } }
exp[fo+01a* +9 c}+ewp(90+91a*+0 ct+0o+03a* +,Bg+51a*+52 c)

~ expllog{

3

_{ expl01a](1+exp[f2+03a+Bo+Lia* -‘rﬂg q) }
expl01a*](1+explf2+03a*+Bo+L1a* +/82

If the regression models (7) and (8) are correctly specified and assumptions (i)-(iv) hold

and the outcome Y is rare, then we could compute the average natural indirect effects by:

NIE o =116/ (1= P(Varsg =1]0)
ORNE = expllog{ 5 aMMWn =P Vorr o =1 J]

= expllogit{ P(Yom, = 1|c)} — logit{ P(Yan,. = 1|c)}]
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! ’ /
exp(Bg+01atbyc)tecp(8g+61atoyctotfzatfothyatfyc) } — tog{ e¢p(90+91a+94c)+e‘l.p(90+91a+94c+92+93a+ﬁ0+ﬁ1a +ﬁ2c) 3
L+exp[Bo+B1atBye] 1+exp[Bo+B1a* +85¢]

~ capllog{

[14exp(Bo+B1a* +B84c)|[14+exp(B2+03a+Bo+B1a+Byc)]
[14-exp(Bo+B1a+Byc)|[1+exp(0a+03a+B0+B1a* +85¢)]

If the regression models (7) and (8) are correctly specified and assumptions (7)-(iv) hold,

the outcome Y is rare, then we could compute the total effects by:

P(YaM *71‘ )/(1 P( alM *71|C)) }]

Yarg=1]¢)/(1=P(Yarr, =1[¢)) M
P(Yax g, =1]e)/(1= P(Y*Ma*—1|0))

P
ORTF = expllog{ capllog{p (aM =110)/(I=P(Yan, . =1[¢))

_ { explf1a](1+exp[f2+03a+Bo+L1a* +52 } {[1+61P B0+51a*+52 )][1+693P(92+936L+50+51a+52 )]}
expl01 a*](1+exp[fa+03a*+Po+B1a*+B5c]) [1+exp(Bo+B1a+Byc)] [1+exp(B2+03a-+B0+B1a* +B5¢)]

If the regression models (7) and (8) are correctly specified and assumptions (i)-(iv) hold

then we can compute the proportion mediated by:

Yang=1lc)/(1—P(Yyp, =1lc))
PM = log{ 71 31 ST Pveag 117
- P(Yap x =119/ (01=P¥an . =110)) My =11¢)/ (1= P(Yypq, =1l¢))
lOg{P(Y M, *—1\(')/(1 P(Vyxn, —1\p))} lOg{P(Y Myx =110/ TP (Vanr, *_1\p))}

o [1+exp(By+B1a* +532c)][1+exp(92+93a+5()+51a‘HB;C)]
[1+exp(Bg+B1a+Byc)][l+exp(f2+03a+Bp+B1a*+B5c)]
capl01a](1+explfa+03a+Bo+B1a* +B5c]) 1 [1+ezp<ﬁo+61a*+ﬁ;c>][1+ezp<92+03a+ao+ﬁ1a+ﬂ;c>1}'
capl6ya*](1+eaplby+03a*+B0+B1a*+85c)) [1+ewp(Bo+B81a+B8y0)][1+ewp(82+03a+80+51 a*+850)]

log{

These expressions apply also if the outcome is not rare and log-linear rather than logistic
models are fit to the outcome model; the direct and indirect effect will have now an inter-
pretation on the risk ratio scale rather than on the odds ratio scale.

These expressions apply also if the outcome is a count variable. In particular if Y ~ Poi(\)

for A\ = exp{fy + 61a + Oym + O3a * m + ,c}) the outcome regression can be defined as:
log{E(Y|A=a,M =m,C =¢)} = by + 01a + 0ym + Osa x m + 0,c

The natural direct effect for binary outcome on the risk ratio scale coincides with the

natural direct effect for poisson count outcome since:

18



E(Yan,.

NDE _ I c)
RR exp| Og{E(Y;*Ma* J

H

The same argument holds for the natural indirect effect. Finally, the argument can be
extended to the case in which the count outcome is modeled with a negative binomial dis-
tribution. This is the case since the negative binomial distribution can be represented as an

over-dispersed poisson and the mean of the two models coincide.

Standard Errors:
Suppose that model (7) and (8) have been fit using standard logistic regression software
and that the resulting estimates 3 of 3 = (Bo, B, By) and 0 of 0 = (00, 01,05,03,0,) have
g') is

A1
)

covariance matrices Y5 and 3y. Then the covariance matrix of (/3

Standard errors of the controlled and natural direct and indirect effects can be obtained
(using the delta method) as
rxr’

with ' = (0,0,0,0, (a—a*),0,m(a—a*),0) for the controlled direct effect, I' = (dy, dy, ds, dy, ds, dg, d7, dg)
for the logarithm of the pure natural direct effect (same expression holds for the logarithm
of the total natural direct effect upon substituting a and a*), where let

_ eaplby+bsa+ By + Bra” + o]
{1+ explOs + O30 + By + Sra* + Bacl}
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_ expllo+ b3a” + By + Bia” + By
{1+ explhy + 03a* + B + Bra* + Byc]}

and

for the logarithm of the natural indirect effect (the same expression holds for the pure

natural indirect effect upon substituting a and a*) let

_ eaplfy + Osa + By + Pra+ Byc]
{1+ exp|by + Oz3a + By + Bra + Bac]}

_ explbo+ b3a + By + ra” + Py
{1+ explhs + Osa + Bo + Bra* + Bycl}

_ exp|fo + Pra + By
{1+ exp[Bo + Bra + Byc]}

_ exp[Bo + Bia* + B
{1+ exp[Bo + fra* + Bycl}
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and

I'= (d17 d27 d37 d47 d57 d67 d77 d8) where

di=(D+A)— (K + B)

dy = a*[D — B] + a[A — K]

ds =c[(D+ A) — (K + B)]

Standard errors of the logarithm of the total effect and percentage mediated can be
obtained (using the delta method) as

1

Let d;(log(pnde)) and d;(log(tnie)) for i = 1,...,8, the gamma elements derived for the
logarithm of the pure natural direct effect and the total natural indirect effect respectively.

For the total effect I' = (dy, do, d3, dy, ds, dg, d7, dg) ,where

dy = dy(log(pnde)) + di(log(tnie))
dy = dy(log(pnde)) + da(log(tnie))
ds3 = ds(log(pnde)) + ds(log(tnie))

dy = dy(log(pnde)) + dy(log(tnie))
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ds = ds(log(pnde)) + ds(log(tnie))
ds = dg(log(pnde)) + dg(log(tnie))
d» = dy(log(pnde)) + dy(log(tnie))
ds = ds(log(pnde)) + ds(log(tnie))

and for the proportion mediated I' = (dy, dy, d3, dy, d5, dg, d7,dg) . Let

dy(log(tnie)) *x log(te) — di(log(te)) * log(tnie)

h = log(te)?

g — ds(log(tnie)) = log(te) — da(log(te)) * log(tnie)
2 log(te)?

g — ds(log(tnie)) * log(te) — ds(log(te)) * log(tnie)
K log(te)?

4 — ds(log(tnie)) * log(te) — dy(log(te)) * log(tnie)
! log(te)?

5 — ds(log(tnie)) * log(te) — ds(log(te)) * log(tnie)
° log(te)?

g — dg(log(tnie)) * log(te) — dg(log(te)) * log(tnie)
0 log(te)?

5= d;(log(tnie)) * log(te) — d7(log(te)) * log(tnie)
! log(te)?

dy = ds(log(tnie)) x log(te) — dg(log(te)) * log(tm’e).

log(te)?
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